
The coordinate  of this point is de te rmined  f r o m  (26), and is independent of the t ime.  

"~  ~ k(8g+n+6)ln  __ l 

and fo r  a cy l inder  

7 [(g-l-2)(k~/n--i)]n/('~g+2)(t g < 2 ) .  

In pa r t i cu la r ,  fo r  a sphere  

(32) 

(33) 

It is seen that the coord ina tes  (32) and (33) d i f fe r  insignif icantly f rom the cor responding  coordina tes  for  i n t e r -  
sec t ion  of the e las t ic  and s teady  d is t r ibut ion  d i a g r a m s ,  and fo r  ~? ~ oo ag ree  exac t lywi th the  coord ina tes  fo r  i n t e r s e c -  
t ion of the e l a s t i c  s t r e s s  in tens i ty  d is t r ibut ion  with the ideal  p las t ic  dis t r ibut ion.  In combinat ion with (30) and (31), 
th is  r e su l t  a f fords  a poss ibi l i ty  of involving an e lec t ronic  compu te r  (or  using it minimal ly)  to compute the s t r e s s -  
s t ra in  s ta te  of h i g h - p r e s s u r e  v e s s e l s  by means  of (8) and (9) even in the case  fl ~ 1 as an approx ima te  e s t ima te  
dur ing  design.  The lower  bound of the f r a c t u r e  t ime  is de te rmined  f r o m  (29) o r  f r o m  the express ion  t .  -> to, p ro -  
posed in [5]. In combinat ion with (30), (31) and (29), the re la t ionships  (8) and (9) yield the exact  solution fo r  
B = I .  
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S T .  V E N A N T  P R I N C I P L E  

E L A S T I C  M E D I A  

F O R  S T R O N G L Y  A N I S O T R O P I C  

Y u .  A .  B o g a n  UDC 539.1 

The p r e senc e  of s t rong  an iso t ropy  in modern  c o m p o s i t e s  (consequently,  l a rge  p a r a m e t e r s  a r e  p resen t  in 
the genera l ized  Hooke ' s  law fo r  the ave r age  s t r e s s e s )  r e su l t s  in l imi t  models  being c h a r a c t e r i z e d  by the pheno- 
menon of "propagation" of the s t r e s s  s ta te  [1]. 

In t h i s  connection,  the question occu r s  a s t o  what deg ree  does  the St. Venant pr inc ip le  r e m a i n  valid fo r  
med ia  with inextensib!e  f i be r s?  As is shown below, exponential l ty dec reas ing  the potential  s t r a in  energy with 
d is tance  f r o m  the domain of se l f -equ i l ib ra ted  load appl icat ion occu r s  [2] fo r  media  with inextensible f ibe r s  un- 
d e r  defini te conditions; however ,  it is hence genera l ly  imposs ib le  to make a deduction about the exponential i ty 
of the damping with d is tance  f r o m  the loaded sect ion.  

The re fo re ,  the St. Venant pr inciple  mus t  be fo rmula ted  in a weakened, in tegra l  f o rm without local  e s t i m a t e s  
of the s t r e s s  s ta te  of the s t ruc tu re  for  the appl icat ion of the pr inciple  to media  with inextensible f ibe r s .  

1. Without pinpointing any specif ic  model  of a l i n e a r l y  e las t ic  composi te ,  le t  us take the genera l i zed  Hooke' s 
law re la t ionsh ip  in the f o r m  

a~ = Alle~ -~ Ai~8~l , o'~ ~-- A12e ~ --~ A2~%, ~n = Cr~,~n, (1.1) 

where  ~ = x c o s a  =y  s i n a ; ~ ? = - x s i n  a + y cos a;O<-a < ~ is some constant  angle,  and (x, y) a r e  ca r t e s i an  o r -  
thogonal  coord ina tes .  Let  us put 

= A, G' = a = 1,  

~ = ~ G  - I , ~  =orG -1,7~ = ~ G  -~ 
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and let  us re ta in  the previous  notation for  the d imens ion less  s t r e s s e s  henceforth.  Let us a s s u m e  that e <<1. 
This  case  co r r e sponds  to a single d i rec ted  compos i te  with very  stiff f ibe r s  pa ra l l e l  to the ~ axis .  Pass ing  to 
the l imi t  in (1:1) as c - - + 0 ,  we obtain the governing re la t ionships  

( ~ = q ~ + d ~ e  n ,  % = d e ~ ,  x ~ = ~ , ~ n . ,  e ~ = O  (1.2) 

in which (1.2) ql : q l ( ~ ,  ~/) is the Lagrange  mul t ip l i e r  co r respond ing  tothe  kinemat ic  cons t ra in t  of inextensibi l i ty 
along the ~ axis .  F o r  ~ r 0 the equation fo r  the s t r e s s  function w(~, V) has the.following f o r m  in the absence  of 
volume fo rces  

ds2a4w/a.q ~ + (d - -  s~c)a%/a~2a.q 2 + a % / a ~  = o, (1.3) 

where  c =d~2 +2dr2. In the l imi t  as ~ ~ + 0  equation (1.3) goes ove r  into the equation 

d-lO4to/O~ a + 04to]O~2Ovl ~* = O. (1.4) 

In c o n s t r a s t  to (1.3), equation (1.4) is not a l r e ady  elliptic but compos i te  [3] with a double fami ly  of r ea l  c h a r a c -  
t e r i s t i c s  77 -- const .  

2. Let  us cons ide r  the question of the influence of s t rong anisot ropy on the " r a t e "  of s t r e s s  attenuation in 
an or thot ropic  ha l f - s t r i p .  By using numer i ca l  ana lys i s  it was shown by some  examples  in [4] that for  a quite 
s t i f f  a r m a t u r e  para l l e l  to the long s ides ,  the s t r e s s e s  at tenuate cons iderably  more  slowly with d is tance  f rom 
the end face than in the i so t ropic  case .  The p rob lem of a h a l f - s t r i p  is of in te res t  in connection with the following 
c i r cums tances :  I t  is a model  fo r  the St. Venant principle;  the solution of the prob lem of a h a l f - s t r i p  is the 
b o u n d a r y - l a y e r  component  in the asympto t ic  of the f i r s t  boundary-value p rob lem of e las t ic i ty  theory  for  a r e c -  
t angu la r  domain when one of i ts  m e a s u r e m e n t s  is sma l l  [5], and the re fo re  pe rmi t s  c lar i f ica t ion  of the question 
about  the influence of the domain s ize on the s t r e s s  at tenuation " ra t e"  in the boundary l aye r  under s t rong an iso-  
t ropy  of the m a t e r i a l .  The answer  to the las t  question is of p rac t i ca l  value. In fact ,  if the ave rage  mechanica l  
c h a r a c t e r i s t i c s  of a unidirect ional  compos i t e  mus t  be measu red ,  then spec imens  must  be se lected sufficiently 
long in o r d e r  to e l iminate  the influence of the slowly at tenuating boundary layer .  

Let  Q~-{ (x, y), [y[ -< h, 0-<x < + oo} be an e l a s t i c  ha l f - s t r i p ,  and let the or thot ropy axes be para l le l  to 
the s ides  of the ha l f - s t r i p .  F o r  x = 0  and y =~ h let us pose the following boundary conditions: 

(~]~=0 = Pl(Y), ~ ] ~ = 0  = P~(Y), %]~=• = 0,'~xvlv=++a = 0 .  (2.1) 

Under the a s sumpt ion  that the load is se l f -equ i l ib ra ted  and the s t r a in  potential  energy  is finite [6], the boundary-  
value p rob lem (1.3) and (2.1) has a unique solution which d e c r e a s e s  exponential ly at infinity. The solution of the 
boundary-va lue  p r o b l e m  (1.3) and (2.1) is r ep re sen t ed  in the f o r m  [7] 

w(z ,y)  ~] -z"~ = e wn (y), 
n~O 

where  Wn(Y) a r e  eigenfunctions and A n are  the e igennumbers  of the following spec t r a l  p rob lem:  

ds' a~w. + X~ (d --  8'c) e'w. + 

dw n 
w,~(~ h)---- O, -W- (• h) = O. 

(2.2) 

(2.3) 

The spec t ra l ;  p r o b l e m  (2.2) and (2.3) is s ingular ly  p e r t u r b e d  (a smal l  p a r a m e t e r  en ters  as a f ac to r  in the high- 
e s t  der iva t ive) .  The asympto t ic  behavior  of spec t r a l  p rob lems  of this kind as e - -+  0 has been studied well  [8]. 
It follows f rom the r e su l t s  of [8] that a boundary- layer  phenomenon occurs  nea r  the boundary y =~ h since the 
boundary condition dwn/dy(+h)=0 is  not sa t is f ied in the l imi t  as e - - + 0 .  The shortened p rob lem has the fo rm 

d d~wn + ~ w n = 0 ,  w n ( : k h ) = 0 .  
dy ~ 

The eigennum~)ers have an asympto t ic  of:the f o r m  ~n(s )N ~ ~ ) s  k, where  ~ ) = 0  or  an e igennumber  of the 
h = 0  

shor tened  p rob lem.  Appropr i a t e  eigenfunctions have) an asympto t i c  of the f o r m  
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wn (y, e) =-- cO(1 n) (y, ~.~ (e), e) exp [ - -  e-1~n (e) (h - -  y ) ]  

"~- ~(2 n) (,~, ~n (E),. E) exp [ - -  E--lxrt (8 7 (h --~ ~)] + grt (~, 8) 

and in the l imi t  Wn(Y , ~) =zn(y,  O) o r  zero ,  where  zn(y, O) is an eigenfunetion of the shor tened p rob lem.  Near  
the ends of~t'h+~ range ( - h ,  h) the convergence  is not uniform.  In this case  the e igennumbers  and eigenfunctions 
of the shor tened p rob lem a r e  de te rmined  explici t ly as: 

~ n  ~ -  =t= h - ' s m - ~ .  

There fo re ,  the following deduction can be made f r o m  the preceding  discussion:  As e - -+  0 the solution of the 
boundary-value  p rob lem (1.3), (2.1) loses  the p rope r ty  of exponential i ty of the at tenuation.  In fact ,  f o r  a half-  
s t r i p  boundedby inex tens ib le  f i l aments  pa ra l l e l  to the x axis ,  we obtain the following rep resen ta t ion  of the solu-  
t ion in the l imi t  as e - -+  0: 

.-,-2 [a~ + ( -- ( - -  (2.4) 

(a n and b n a r e  de te rmined  in t e r m s  of the values  ax and r x y  for  x=0)  f r o m  which it follows that w(x, y) will 
a t tenuate  exponent ia l ly  at  infinity only fo r  ax(0, y )=0 .  The c i r cums tance  that  although the l imit  solution (2.4) 
does  not i tself  a t tenuate exponential ly at infinity, but the e s t ima te  

E(z) ~ E(O) exp [--2kz], (2.5) 

whe re  

2E ( z ) =  ~ !  (d-l(~: -4- ~:y)dxdy; Qz = [(x, y ) ~  Q, x > z}. 

holds for  the s t r a in  potent ia l  energy,  is of in te res t .  In fact ,  

y , ~  v,~ exp [ - -  2n=zdl/~h-1]. 

Since exp [-2nTrzdl/2h -1] -< exp [-2~rzdl/2h -1] f o r  n_> 1, we hence obtain the e s t ima te  (2.5) wi ththe constant  k equal 
to 7r dl/2h-1. 

3. Now, let  us inves t iga te  the influence of s t rong an iso t ropy  on the s t r e s s  attenuation " r a t e "  in the boundary 
l a y e r  in the following two cases :  a )The  r ec t angu la r  domain is extended along the x axis; b) the rec tangula r  
domain  is s t re tched  along the y axis  but the quite st iff  a r m a t u r e  is para l le l  to the x axis .  The asymptot ic  ex-  
pansion of the f i r s t  b o u n d a r y - v a l u e p r o b l e m  of e las t ic i ty  theory  for  a quite long or thotropic  rec tangle  is con-  
s t ruc ted  in [5]. 

Le t  us f i r s t  examine ca se  a). Let~: Q = {(x, g)~ 0 <~ x <~ a, lYl ~< hi, ~ = h/a<< t. In this case ,  as is shown 
in [5], the b o u n d a r y - l a y e r  phenomenon occu r s  fo r  smal l  Y nea r  the s ides x =0, a. Here  functions of boundary-  
l a y e r  type a re  solutions of the p rob lem (1.3), (2.1) for  an e las t ic  ha l f - s t r ip .  F o r  smal l  T the b o u n d a r y - l a y e r -  

type solution has the r ep re sen ta t i on  w ---- ~] wn 0l) exp (--  ~ t ) ,  where  t -:  xlay; ~l = y/h; wn(~l) and •n a r e  
n 

de te rmined  f r o m  the solution of the s pec t r a l  p rob lem (2.3), (2.4). As has  been shown above, the spec t r a l  p rob-  
l e m  (2.3),.(2.4) is s ingular ly  per tu rbed  re la t ive  to the p a r a m e t e r  ~. There fo re ,  exponentials  of twok in d s  a r e  

~,~)ez ] and exp since e i ther  Xn(a) = Xn (~ + ~ ( 1 )  + p re sen t  in a b o u n d a r y - l a y e r - t y p e  solut ionin  exp - - - - ~ j  - - - - ~ - j ,  

. . . .  o r  ~n(a) = e ~(n 1) + . . . .  The p re sence  of an exponential  of the f i r s t  kind shows that the " r a t e "  of s t r e s s  d e c r e a s e  
in the boundary l aye r  in T depends substant ia l ly  on the ra t io  ~ / T ,  i .e. ,  on the mutual  influence of the domain 
s ize  and the deg ree  of m a t e r i a l  an iso t ropy.  F o r  instance,  fo r  ~ =o(T 2) the s t r e s s e s  in the boundary l aye r  will 
a t tenuate  ve ry  slowly. 

Let  us cons ide r  case  b)o Let" Q ={ (x, y), 1 xl -< h, 0-<y-< a~. It can be shown d i rec t ly  that  the exponential-  
ity of the b o u n d a r y - l a y e r  at tenuation in T is conse rved  as ~ ~ + 0 .  Indeed, in this ca se  the e igenvalues  of the 
s p e c t r a l  p rob lem 
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d~w n d2w n 
d--- z- + ~ (d - -  s2c) ~ + ds 'Mw~ = O, 

dTi ~ 
dw n 

w . ( •  i) = 0 , - ~ - ( •  ~) = 0, u=z/~ 

(3.1) 

a r e  d e t e r m i n e d  f r o m  the s y s t e m  of equat ions  [5] 

v sin ~n v cos )~u - -  u sin )~nu cos )~nv = 0, 

v cos ~nv sin )~nu - -  u cos )~nu sin ~ u  = 0,; 

w h e r e  
u s = ( d - -  e'c + D ) / 2 ;  v 2 = (d " 82c - -  D) /2 ;  D = [(d - -  ~%)2 - -  4de~)  ~/~. 

F o r  sma l l  ~ > 0 , u  2 ~ d - e 2 ( 1 +  c) + o(~4), v 2 ~ a 2 +o(~ 4). P a s s i n g  to the l imi t  in (3.2) as  e - - +  0, we ob ta in  the 
r e l a t i ons  XnV~=0 , tan  ~nfd-=AnV~ ", to d e t e r m i n e  An, f r o m  which it fo l lows that  fo r  e =0 the s p e c t r a l  p ro b l e m 
(3.1) has  two se t s  of  negat ive  e igenva lues .  

T h e r e f o r e ,  the qual i ta t ive  b e h a v i o r  of so lu t ions  of boundary  l a y e r  type a r e  subs tan t i a l ly  d i s t inc t  f o r  s m a l l  
in these  two c a s e s .  

4. It m u s t  be noted that  if the c h a r a c t e r i s t i c s  of the l imi t  equat ions  a r e  not pa ra l l e l  to the h a l f - s t r i p  
bounda]:y,  then exponent ia l i ty  of the s t r e s s  a t tenuat ion o c c u r s  f a r  f r o m  the loaded s ide.  F o r  ins tance ,  let Q be 
an e las t ic  h a l f - s t r i p  bonded by two f ami l i e s  of inextens ib le  f i be r s  at  the angles  �9 ~ / 4  to t h e x  axis .  Upon 
p a s s i n g  to the l imi t  in (1.4) as  d - - + ~ ,  and r ep lac ing  the c o o r d i n a t e s  (~ ,77 ), } =2-1/2(x +y),  V =2-1 /2 (y -x )  by the 
c o o r d i n a t e s  x, y, the equat ion fo r  the s t r e s s  funct ion a c q u i r e s  the f o r m  

04w/Ox4 _ 204w/Ox20g ~ + 04w/Oy 4 = 0. (4.1) 

Since the boundary  is not a c h a r a c t e r i s t i c ,  the boundary  condi t ions  a r e  taken in the f o r m  (2.1). As  in the c a s e  
of an an i so t rop i c  m e d i um ,  under  the a s s u m p t i o n  of s e l f - equ i l i b r a t i on  of the load on the side x = 0, the equat ion 
(4.1) under  the boundary  condi t ions  (2.1) has  the unique solut ion 

w = ~ e x p  ( - - ~ x )  wn (g), 

w h e r e  A n a r e  the e i g e n n u m b e r s ,  and w n a re  the e i g e n -  and a s s o c i a t e d  funct ions  of the fol lowing s p e c t r a l  p rob lem 

d4 wn ~ dawn dw n 
dr' 2~.,~.--~-y2 +)~w,~----O, w n ( ~ h ) = O  , ~ -  ( +  h)---- 0. 

To d e t e r m i n e  the e i g e n n u m b e r s ,  we obtain the equat ion 

(2)~nh) 2 - -  sh2(2k~h) = 0. (4.2) 

Upon mak ing  the change  of va r i ab le  z =i2Anh , i--  -V--~, it goes  o v e r  into the equat ion z 2 - sin2z =0 which is en-  
c o u n t e r e d  in so lv ing  the f i r s t  b o u n d a r y - v a l u e  p r o b l e m  fo r  an i so t rop ic  s t r i p  [9]. The roo t s  of this l a t t e r  equat ion 
a r e  complex ,  and the a s y m p t o t i c  of  the roo t s  of  l a rge  abso lu te  value f o r  the equat ion z 2 - sin2z =0 is given by the 
r e l a t i onsh ip  

T h e r e f o r e ,  (4.2) has  two s e r i e s  of e igenva lues  with Re~ n > 0. As  (4.3) shows,  a t tenuat ion at  infinity will  
hence  o c c u r  m o r e  s lowly than in the i so t rop i c  ca se .  As in the an i so t rop ic  c a s e  a l so ,  exponent ia l i ty  of  the a t t en -  
uat ion is c o n s e r v e d  f o r  the s t r a in  potent ia l  e n e r g y  of the m a t e r i a l .  
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